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Postbuckling Behavior of Pressure- or Core-Stabilized

Cylinders under Axial Compression

B. 0. ALmrotr* AND D. O. BruUsHf
Lockheed Missiles & Space Company, Pale Alto, Calif.

The postbuckling behavior of a circular cylindrical shell subjected to axial compression is
considered in the presence of the stabilizing effects of internal pressure and of a soft elastic core.
The eclassical buckling load and the minimum postbuckling equilibrium load may be con-
sidered as upper and lower bounds, respectively, for the actual buckling load. As expected,
the analysis shows that these two bounds approach one another with increasing internal pres-
sure or increasing core stiffness. A comparison with available test results indicates that most

of the data fall within these converging bounds.

Nomenclature

a = cylinder radius

ai; = constants [see Eq. (4)]

E = Young’s modulus of shell

E, = Young’s modulus of core

E’ = (E./E)a/t)¥?

F = stress function

fig = spring constants [see Eq. (7)]

L~ ‘= cylinder length

le)ly = half wavelengths in axial and circumferential direc-
tions, respectively

P = internal pressure

P = intersurface pressure [see Eq. (6)]

p’ = (p/E)a/t)*

Pij = constants [see Eq. (6)]

t = shell thickness

U,W = nondimensional axial and normal displacement
components of a point in the shell’s middle sur-
face; corresponding distances are aqu and aw,
and w is positive inward .

Ve = potential energy of core

Vs = potential energy of shell (including external forces)

14 = Vo+ ¥,

z = nondimensional coordinate in axial direction; cor-
responding distance is az

z = wavelength parameter [see Eq. (13)]

v = Poisson’s ratio of shell

ve = Poisson’s ratio of core

a0 = classical buckling stress for empty cylinder

Oer = critical stress

02,604,726 = nondimensional stresses at a point in the middle
surface of the shell; actual stresses are Eog,
E, T,y and B Trd

¢ = angular coordinate

Introduction

HE severe scatter in test results for axially compressed

cylinders indicates that the buckling load is governed by at
least one variable of chance character. Consequently, theo-
retical studies to determine the buckling load ultimately must
incorporate an evaluation of the role of chance factors. How-
ever, it is possible to determine upper and lower bounds on
the buckling load which are not sensitive to chance variations.
The purpose of this paper is to determine such bounds for
pressurized cylinders and for cylinders filled with a soft
elastic core and to show that these bounds converge with
increasing internal pressure or core stiffness.
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Finite displacement analyses of axially loaded cylinders,
such as that by Kempner,! lead to the load displacement rela-
tion illustrated in Fig. 1. Experimental evidence seems to
indicate that there is little scatter in the magnitude of the
minimum load in the postbuckling range. The minimum
postbuckling load is the lowest load under which a buckled
form of the cylinder can be maintained and will thus be con-
sidered as a lower bound for the buckling load. The classical
buckling load, of course, is an upper. bound for the critical
load, although the work by Stein? suggests that it may not
be the lowest upper bound.

For the empty cylinder the range between the lower and
the upper bounds in general is quite wide, and present theo-
retical results are not directly useful. For pressurized cylin-
ders and for cylinders filled with a soft elastic core, however,
it will be shown that the difference between the classical
buckling load and the minimum postbuckling load diminishes
with increasing pressure or core stiffness. The load range
within which buckling can occur thus becomes quite narrow
for cylinders with a sufficient internal pressure or an elastic
core of sufficient stiffness. Consequently, in some cases it
may be possible to arrive at practically useful results through
a postbuckling analysis of geometrically perfect cylinders,
and thus avoid use of a statistical study of chance factors.

The classical buckling analysis of pressurized cylinders
under axial compression leads to a critical Ioad that is inde-
pendent of the internal pressure. On the other hand, the
minimum postbuckling load increases with increasing pres-
sure, as has been shown in previous finite displacement analy-
ses such as that of Ref. 3. Unfortunately, the numerical
results of these analyses are unsatisfactory because the dis-
placement function employed in the Rayleigh-Ritz analysis
included too few degrees of freedom. With zero internal
pressure, the analysis of Ref. 3 yields a minimuin postbhuckling.
load that is approximately three times higher than the cor-
responding experimental value.

An infinitesimal buckling analysis including the effect of
a soft elastic core is available in Ref. 4 for cylinders under
axial compression. A finite displacement analysis also has
been performed,® but again in this case the displacement func-
tion contains too few degrees of freedom, and, furthermore,
the core is assumed to act as a Winkler foundation.

In Ref. 6 an analysis of a cylinder without internal pres-
sure or elastic core is presented, . in which the number of de-
grees of freedom is successively increased until no significant
change is observed in the minimum postbuckling load. The
load so computed is in close agreement with available experi-
mental evidence for the minimum postbuckling load. The
complete postbuckling load-displacement curve was pre-
sented in Ref. 6 for four different displacement functions,
which were labeled cases A, B, C, and D, respectively. Case
A reproduces the results of Ref. 1. The others represent
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various degrees of refinement of that analysis. The mini-
mum postbuckling load in case D, with 11 degrees of freedom,
is equal to 119, of the classical buckling load. In case C,
with only 8 degrees of freedom, it is equal to 13% of the classi-
cal value, and hence case ' may be considered a satisfactory
approximation for the present purpose. Here, the analysis
of Ref. 6 will be extended to include the addltlonal effects of
internal pressure and of a soft elastic core.

Basic Equations for the Pressurized Shell

An equation for the potential energy of a pressurized cylin-
drical shell without a core can be obtained by addition of a term
representing the influence of internal pressure to the expression
given, e.g., in Refs. 1 or 6 for the potential energy of the
empty cylinder. Hence, the potential energy for the pressur-
ized cylinder can be written:
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The stresses here as well as the shell coordinates and the dis-
placement components are nondimensional.

A stress function F is introduced such that
O2F QF OF
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The function can be expressed in terms of the normal dis-
placement w by use of the compatibility equation:
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where

Assume that the normal displacement in the buckled con-
figuration can be approximated by the expression
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Here I, and [y are axial and circumferential half-wavelengths.
The coefficient aq can be determined from the condition that
the tangential displacement must be a periodic function in
¢. The remaining coefficients together with [. and [y repre-
sent the generalized coordinates of the shell and will be deter-
mined through minimization of the total potential energy.
The forementioned displacement function, Eq. (4), differs
slightly from the corresponding function in case C of Ref. 6.
One term, which was included in case D, has been added
and another has been dropped. Computations for the
empty shell with use of Eq. (4) gives a minimum postbuckling
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Fig. 1 Load displacement curve.

load that is only 49, higher than that of case D. Conse-
quently, Eq. (4) here gives an improvement in accuracy over
case C, although the number of degrees of freedom is the same.

The forementioned equations together with the condition
of stationary potential energy define equilibrium configura-
tions in terms of nonlinear algebraic equations. These
equations are solved by use of the Newton-Raphson iterative
method.

Influence of an Elastic Core

The influence of a soft elastic core is accounted for through
addition of the elastic energy of the core to the total potential
energy of the system, Eq. (1). The authors now take ad-
vantage of the results in the analysis by Seide, In that
analysis, shearing stresses between core and shell are assumed
to be negligible, so that restraint is offered only against
normal displacements. A closed-form solution for the elastic
support offered by the core is given in Ref.4 only for the case
of a core without a center hole, but it is indicated that a
center hole has little effect if the hole radius is less than about
half the cylinder radius.

Given a distribution of normal displacements on the sur-
face of the core of the form

w = Z;3.a;; cos(twazx/l,) cos(twrad/ls) (5)

one can find the corresponding surface pressure p through the
equation

P = Z:2ipy cos(imaz/l.) cos(jrap/ly) (6)

where

pi; = [E/(1 — v)1fisss (M

The spring constants f;;, as functions of the wavelengths, are
given in Appendix A of Ref. 4. For the case ». = 0.5, it was
found numerically that if the wavelength in either direction
is small compared to the circumference of the cylinder, the
spring constants can be closely approximated by

fi = [Gma/l)? 4+ (jra/ls)?]M2 ®)

As the numerical analysis is restricted here to core materials
with ». = 0.5, and the expected wavelengths are small com-
pared with the circumference, this simplification is adopted
for reasons of economy in the numerical analysis. An ex-
ception, of course, is for the case ¢ = j = 0, for which Ref. 4
gives the solution:

fOO = (1 + yc)/(l - Vc) (9)
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Fig.2 Load displacement curves for pressurized cylinders,
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Fig. 3 a) Buckling of pressurized cylinders under axial

compression (0 < p’ < 1.0); b) buckling of pressurized
eylinders under axial compression (1.0 < p’ < 7.0).
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Fig. 4 Load displacement curves for core-filled cylinders.
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Fig. 5 Buckling of core-filled eylinders iuinder axial
compression.

As the strain energy of the core equals the work done by the
forces on its surface, one has

1 27 *L/a
V. = §a3f0 j:) wpdedé (10)

where p represents the interface pressure. Thus, the core
energy can be written

1 . 27 (*L
Ve = é“sli f f " ETET fi s tun X
: — v JO 0 i 7 n om

COS(max) cos(mrax) cos(y_@) cos(M) dv de (11)
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where the a;;’s represent the coefficients in Eq. (4) and the
fii’s are obtained from Egs. (8) and (9).
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The total potential energy of the system is given by the
equation

V= V. + Vc (12)

The postbuckling equilibrium eonfigurations are determined
in the same manner as for the pressurized cylinder.

An equation for the classical buckling load can be obtained
from these equations by deletion of nonlinear terms and
minimization of ¥. This load supplies an upper bound for the
critical load. Through minimization of ¢ with respect to the
wave length parameter z, the classical buckling load is ob-
tained from the equation:

cr2=2
80z +3 p

(I =)

This result for the classical buckling load agrees with the
corresponding result in Ref. 4.

Numerical Results

Load displacement curves were computed for the pressur-
ized cylinder for various values of the internal pressure param-
eter 5. These curves are shown in Fig. 2. Although the
classical buckling load is independent of § (ring buckling
mode), it is seen that the minimum postbuckling load in-
creases with this parameter. Similar results were obtained
in Ref. 3, although in that analysis the minimum postbuckling
load was overestimated grossly, because of the use of an in-
accurate displacement function. The minimum postbuck-
ling load is plotted vs p' = (p/E)(e/t)? in Fig. 3, together
with test results. The test points shown in the figure include
all results known to the authors for metal ‘cylinders?—11 It
may be seen that most of the points fall between the theoreti-
cal upper and lower bounds. However, at very high values
of the internal pressure the test points have a tendency to
fall below the minimum postbuckling load. One possible
explanation is that for cases with very high internal pressure
the minimum postbuckling load corresponds to such deep
buckles that the present analysis is of questionable accuracy.
However, it is also likely that many of the very low test points
have been affected by plastic deformations due to excessive
hoop stress. The tests by Dow and Peterson'! show buckling
loads that are considerably above the average from other
experiments. This is at least partly due to the fact that their
test cylinders were pressurized by oil, so that buckling was
accompanied by a rise in internal pressure.

For cylinders with an elastic core, the fourth-order terms
were retained in the expression for the potential energy of the
core [Eq. (11)]. In this case the minimum postbuckling

8 S8E. [ a\¥ ‘
44 22 (2
z 3E ( ) @ (13)
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load, unlike the classical buckling load, is not a function of
the parameter E' = (E./E)(a/t)3* alone. However, the
numerical analysis resulted in an insignificant difference be-
tween the postbuckling curves for cylinders with identical
values of B’ but with @/ varying within a wide range. Hence
these fourth-order terms could have been excluded so that, for
practical purposes, the results would depend only on E’.
Accordingly, Fig. 4 shows load displacement curves for

different values of the parameter E’ alone. The classical

buckling load and the minimum postbuckling load are shown
as functions of E’ in Fig. 5, together with test results taken
from the compilation in Ref. 4. It is seen that the upper and
lower bounds for the buckling load approach one another
with increasing values of E’, and that almost all of the test
points fall between these bounds.
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